Hierarchical structural optimization of laminated plates using polar representation  by Jibawy, A. et al.
International Journal of Solids and Structures 48 (2011) 2576–2584Contents lists available at ScienceDirect
International Journal of Solids and Structures
journal homepage: www.elsevier .com/locate / i jsolst rHierarchical structural optimization of laminated plates using polar representation
A. Jibawy a,b,d, C. Julien a,b,d, B. Desmorat a,b,c,⇑, A. Vincenti a,b, F. Léné a,b
aUPMC Univ Paris 06, UMR 7190, Institut Jean Le Rond d’Alembert, 4 Place Jussieu, Case 161, 75252 Cedex Paris, France
bCNRS, UMR 7190, Institut Jean Le Rond d’Alembert, 4 Place Jussieu, Case 161, 75252 Cedex Paris, France
c IUT Cachan, Univ Paris-Sud 11, 9, avenue de la division Leclerc, 94230 Cachan, France
d Segula Aeronautique, 5 Rue Albert Durant, 31700 Blagnac, France
a r t i c l e i n f oArticle history:
Received 22 October 2010
Received in revised form 12 May 2011
Available online 25 May 2011
Keywords:
Cross/angle ply laminates
Composite uncoupled laminates
Orthotropy
Elastic properties
Variable stiffness0020-7683/$ - see front matter  2011 Elsevier Ltd. A
doi:10.1016/j.ijsolstr.2011.05.015
⇑ Corresponding author at: UPMC Univ Paris 06, UM
d’Alembert, 4 Place Jussieu, Case 161, 75252 CEDEX P
E-mail address: boris.desmorat@upmc.fr (B. Desma b s t r a c t
A novel methodology for the design of optimal uncoupled laminated plates under membrane only or
bending only loading is introduced. This approach is supported by the polar representation of anisotropy.
First, topology optimization, aimed at maximizing global stiffness of the structure, allows to ﬁnd an opti-
mal distribution of polar components. Then, based on the latter structural results, a matching feasible
lamination sequence is determined.
 2011 Elsevier Ltd. All rights reserved.1. The problem of designing thin composite structures
Structural optimization is the process of designing structures
that gives the best response to a given set of criteria. Topology opti-
mization allows the deﬁnition of the optimal distribution of mate-
rial, within a given domain and under given loads, with respect to a
given criterion (i.e. maximizing global stiffness).
Applied to composite materials such as laminates, this method-
ology is twofold: it involves structural design – via topology opti-
mization – as well as the deﬁnition of the local architecture of
the material (i.e. ﬁber orientations and stacking sequence), which
is likely to change from one point of the structure to another, lead-
ing to variable stiffness laminates.
In this paper, topology optimization is performed via a numeri-
cally efﬁcient and convergent iterative algorithm introduced by Al-
laire and Kohn (1993). In order to minimize the compliance of the
structure, each iteration is constituted by two optimization steps:
(i) local minimizations with ﬁxed stress ﬁeld,
(ii) global minimization with ﬁxed material properties.
The major novelty of this work lies in the use of the polar repre-
sentation of plane anisotropy in order to minimize complementaryll rights reserved.
R 7190, Institut Jean Le Rond
aris, France.
orat).energy. This offers several beneﬁts. First, in case of an orthotropic
material, resolution of step [i] is performed through closed-form
relations. Besides, feasibility of the optimal laminates is ensured
by taking into account conditions on the orthotropy shape in the
optimization process. Moreover, the optimization methodology
combined with the polar method can be applied to both in-plane
loading (Hammer et al., 1997; Hammer, 1999) and bending loading.
Finally, the use of the polar parameters allows to solve indepen-
dently the problem of designing the lamination of the optimized
structure.
Indeed, topology optimization algorithm’s output are ﬁelds con-
taining the values of the optimal polar moduli in each element of
the structure. We will show that it is then possible to ﬁnd simple
lamination sequences (such as angle-ply or cross-ply laminates)
corresponding to these ﬁelds at every point of the structure.2. The polar method
The polar method representation of a plane elasticity tensor is a
representation with invariants, obtained by a transformation of
coordinates, introduced by Verchery (1979), based upon a complex
variables transformation: polar components have a physical signif-
icance linked to the elastic symmetries of material (Vannucci and
Vincenti, 2007).
The link between the cartesian components of a 2D second or-
der tensor such as the stress tensor r and its polar components R, T
and U is expressed by:
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r12 ¼ R sin 2U
r22 ¼ T  R cos 2U
2T ¼ r11 þ r22
2Re2iU ¼ r11  r22 þ 2ir12
8>>>><>>>>:
ð1Þ
The coordinates transformation leads to the deﬁnition of ﬁve
invariants for a fourth order tensor of elasticity type (stiffness Q
or compliance S). We call T0, T1, R0, R1 and (U0 U1) the polar
invariants of Q and t0, t1, r0, r1, u0  u1 those of S.
The components of the stiffness matrix can be written as
follows:
Q11 ¼ T0 þ 2T1 þ R0 cos 4U0 þ 4R1 cos 2U1
Q12 ¼ T0 þ 2T1  R0 cos 4U0
Q16 ¼ R0 sin 4U0 þ 2R1 sin 2U1
Q22 ¼ T0 þ 2T1 þ R0 cos 4U0  4R1 cos 2U1
Q26 ¼ R0 sin 4U0 þ 2R1 sin 2U1
Q66 ¼ T0  R0 cos 4U0
ð2Þ
The orthotropy condition reads
U0 U1 ¼ K p4 ð3Þ
in which K 2 {0,1} represents the characteristic of the orthotropy
shape in stiffness.
3. Laminate homogenization
A composite laminated plate is a layup of plies. Every ply is
characterized by its position z, its layup orientation d(z), its elastic
properties Q(z) and its thickness h(z). The laminate homogeniza-
tion consists to determine the behavior of an homogeneous mate-
rial equivalent to the membrane or bending behavior.
3.1. Homogenized stiffness matrix
Let assume uncoupled behavior in membrane and bending
(achieved by considering speciﬁc layups). Using classical laminated
plate theory, the membrane stiffness A and the bending stiffness D
are linked to the elastic properties of stiffness Q(z) and to the thick-
ness h(z) of the plies, by the following relationship:
A ¼
Z þH2
H2
QðzÞdz; D ¼
Z þH2
H2
z2QðzÞdz ð4Þ
in which H is the total thickness of the plate.
The homogenized stiffness matrices in membrane A⁄ and in
bending D⁄ are:
A ¼ 1
H
A; D ¼ 12
H3
D ð5Þ
Because of uncoupled behavior in membrane/bending, the compli-
ance matrices a and d of the laminate in membrane and bending
are respectively a = A1 and d = D1 and the homogenized compli-
ance matrices a⁄ and d⁄ in membrane and bending respectively
are such that
a ¼ 1
H
a; d ¼ 12
H3
d ð6Þ3.2. Polar parameters of a laminate
We formulate the components of stiffness matrix Q(z) in Eq. (4)
according to polar parameters deﬁned in (2) and to the orientation
d(z) of the ply’s frame with respect to the ﬁxed frame of thelaminate. Therefore, we obtain the stiffness polar parameters of
the laminate in terms of ply’s polar parameters (T0(z),T1(z),
R0(z),R1(z),U0(z) and U1(z)):
 in membrane:T0 ¼
R þH2
H2
T0ðzÞdz; R0e4iU0 ¼
RþH2
H2
R0ðzÞe4iðU0ðzÞþdðzÞÞdz
T1 ¼
R þH2
H2
T1ðzÞdz; R1e2iU1 ¼
RþH2
H2
R1ðzÞe2iðU1ðzÞþdðzÞÞdz
8><>: ð7Þ
 in bending:eT 0 ¼ R þH2H2 z2T0ðzÞdz; eR0e4ieU0 ¼ RþH2H2 z2R0ðzÞe4iðU0ðzÞþdðzÞÞdzeT 1 ¼ R þH2H2 z2T1ðzÞdz; eR1e2ieU1 ¼ RþH2H2 z2R1ðzÞe2iðU1ðzÞþdðzÞÞdz
8><>:
ð8Þ3.3. Polar parameters of a laminate with one elementary layer
Considering laminates made of identical layers (i.e. with the
same material and same thickness in each layer), one gets
 in membrane:
T0 ¼ HTEL0 ; T1 ¼ HTEL1 ð9Þ in bending:eT 0 ¼ H312 TEL0 ; eT 1 ¼ H
3
12
TEL1 ð10Þin which the superscript EL stands for elementary layer.
4. Structural optimization problem
4.1. Study framework
Two assumptions are made:
1. uncoupled behavior in membrane/bending (already introduced
in Section 3.1),
2. membrane only or bending only loading.
4.2. Criterion
The objective is to maximize the global stiffness of an elastic
plate. Considering the study framework deﬁned in the previous
Section 4.1, this objective can be realized by minimizing the com-
pliance G, which is twice the energy of deformation in linear
elasticity:
G ¼
Z
S
aSijklrijrkl dS ð11Þ
in which the stress rab and the homogenized stiffness matrix S are
deﬁned as:
 in membrane: rab = Nab (membrane stresses), S = a⁄ and a ¼ 1H
 in bending: rab =Mab (bending moments), S = d⁄ and a ¼ 12H3
4.3. Optimization parameters
The optimization criterion is written in the same generic form
in membrane or in bending. To simplify notations, we note for
the rest of the paper, t0, t1, r0, r1, u0 and u1 the polar parameters
of S (i.e. a⁄ or d⁄) and T0, T1, R0, R1, U0 and U1 those of S1 (i.e. A⁄
or D⁄) in the membrane or in the bending case.
In the case of a laminate with identical orthotropic layers, the
elementary layer parameters TEL0 ; T
EL
1 ; R
EL
0 ; R
EL
1 ; K
EL are given. We
2578 A. Jibawy et al. / International Journal of Solids and Structures 48 (2011) 2576–2584will consider orthotropic elementary layers with KEL ¼ 0 which
corresponds to unidirectional elementary layers. The results shown
in this paper apply to highly anisotropic elementary layers such as
carbon/epoxy layer which are widely used in aeronautics (see Ju-
lien (2010) for a more detailed discussion).
The polar parameters T0 and T1 of the laminate are (see Section
3.3)
T0 ¼ TEL0 and T1 ¼ TEL1 ð12Þ
This study is made on orthotropic laminates (see Eq. (3)). The ortho-
tropy shape is then represented by the polar parameter K 2 {0,1}.
Thus, the optimization parameters are the polar parameters
(R0,R1,K) and the orientation U1 of the orthotropic homogenized
laminate.
4.4. Optimization constraints
Two types of optimization constraints are to be considered.
Thermodynamic admissibility. The polar parameters R0 and R1
satisfy the conditions
R0 < T
EL
0
TEL1 T
EL
0 þ ð1ÞKR0
h i
 2R21 > 0
8<: ð13Þ
Feasibility constraints. The polar parameters R0 and R1 are bounded
by those of the elementary layer:
R0 2 0;REL0
h i
R1 2 0;REL1
h i
8><>: ð14Þ4.5. Optimization problem
The state equation of the optimization problem, stating equilib-
rium, is written in the form of the complementary energy theorem
considering displacement boundary conditions ﬁxed to zero :Z
S
aSijklrijrkl dS ¼ min
s S:A:
Z
S
aSijklsijskl dS
 
ð15Þ
in which S.A. stands for statically admissible (i.e. equilibrium equa-
tions and boundary conditions in terms of forces). Eq. (11) becomes
G ¼ min
s S:A:
Z
S
aSijklsijskl dS
 
ð16Þ
and the optimization problem takes the form of a double minimiza-
tion with respect to the polar parameters (R0,R1,K,U1) and the
stress sij:
min
ðR0 ;R1 ;K;U1Þ
G ¼ min
ðR0 ;R1 ;K;U1Þ
min
s S:A:
Z
X
aSijklsijskl dS
 
ð17Þ5. Optimization algorithm
The use of the algorithm presented in this section allows to per-
form the minimization of the compliance and to ﬁnd the associated
distributed ﬁelds of polar parameters (R0,R1,K) and of orientation
U1 of an homogenized orthotropic behavior. The problem of ﬁnd-
ing, from the distributed optimal ﬁeld, an associated layup of a
laminated plate will be considered in Section 6.
5.1. Description of the algorithm
This optimization problem is solved by the optimization algo-
rithm introduced by Allaire and Kohn (1993) which is composed
of two parts: Initialization: In this part are deﬁned the mesh, the applied
load on the plate, the initial ﬁeld of optimization parameters
and the ﬁrst ﬁnite element calculation of stresses is performed.
 Iteration: Each iteration is composed of two parts:
– local minimizations with respect to optimization parameters
with a ﬁxed stress ﬁeld (i.e. for every ﬁnite element),
– one global minimization with respect to the stress ﬁeld with
ﬁxed optimization parameters (i.e. a ﬁnite element
calculation).
By applying the theorem of complementary energy and the
properties of local minimizations, it can be shown that this algo-
rithm is convergent.
5.2. Local minimization
The local minimization problem, that has to be solved during
the iteration of the optimization algorithm, reads
min
ðR0 ;R1 ;K;U1Þ
GðR0;R1;K;U1Þ
such that
R0 < T
EL
0
TEL1 T
EL
0 þ ð1ÞKR0
h i
 2R21 > 0
0 6 R0 6 REL0
0 6 R1 6 REL1
8>>><>>>:
ð18Þ
Considering elementary layers described in Section 4.3, this prob-
lem (18) is solved analytically (Julien, 2010) and the following solu-
tion is obtained.
The optimal orientation Uopt1 corresponds to the main direction
of the maximum principal stress:
Uopt1 ¼ directionðmaxðjrIj; jrIIjÞÞ ð19Þ
where rI, rII represent the principal stresses in membrane or in
bending.
Locally, the stress state is described by the polar parameters T
and R according to Eq. (1), and characterized by the parameter X
deﬁned as follows:
X ¼ RjTj ð20Þ
The optimal values of R0, R1 and K are described by three types of
solutions with increasing values of X:
 Case 1 (Free lamination sequence): for 0 6 X 6 REL1
TEL1K 2 f0;1g; Rmin0 6 Ropt0 6 Rmax0 ; Ropt1 ¼ TEL1 X ð21Þ
such thatfor K ¼ 0; R
min
0 ¼ max 2TEL1 X2  TEL0 ;0
n o
Rmax0 ¼ REL0
8<:
for K ¼ 1;
Rmin0 ¼ 0
Rmax0 ¼ min TEL0  2TEL1 X2;REL0
n o8<:
 Case 2 (Unidirectional lamination sequence): for REL1
TEL1
6 X 6 T
EL
0 þREL0
2REL1K ¼ 0; Ropt0 ¼ REL0 ; Ropt1 ¼ REL1 ð22Þ
 Case 3 (Cross-ply lamination sequence): for TEL0 þREL0
2REL1
6 XK ¼ 0; Ropt0 ¼ REL0 ; Ropt1 ¼
TEL0 þ REL0
2X
ð23Þ
Fig. 1. Admissibility of angle-ply or cross-ply laminates with respect to polar parameters.
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a ﬁxed stress state) with respect to the orthotropy orientation, the
optimal orientation depends on the orthotropic material consid-
ered (Cheng and Pedersen, 1997). Nevertheless, when optimizing
(with a ﬁxed stress state) simultaneously with respect to the orien-
tation and the polar parameters (R0,R1,K) relative to the aniso-
tropic part of the orthotropic behavior, we obtain that the
optimal orientation is always aligned with the principal stress that
is maximal in absolute value.
In the previous work of Vincenti and Desmorat (2010), the solu-
tion of the local minimization with respect to polar parameters
was obtained for a special case of stiffness and compliance ortho-
tropy. In the results above, both K = 0 and K = 1 orthotropic lami-
nates are considered, that is every possible case for orthotropic
homogenized laminate. In the present exhaustive study, the case
1 allows to deﬁne the largest free design space of optimal lami-
nates. This results will be used in Section 6 in order to ﬁnd analyt-
ically feasible optimal laminates other than the classical cross-ply
laminates (Hammer et al., 1997).
Finally, it should be emphasized, as already mentioned at the
beginning of the paper, that those results hold true for uncoupled
laminates both in membrane only and in bending only cases.
6. Optimal design of the stacking sequence
On the local scale (i.e. at every point within the structure), the
search for a stacking sequence corresponding to the optimal values
of the distributed polar parameters needs to be performed. It re-quires to formulate and solve a new local optimization problem
with respect to optimization parameters relative to the laminate
layup.
6.1. Stacking sequence local optimization problem
Let us consider a single element within the plate under in-plane
or bending loads. For this element, topology optimization
produced a couple of optimal polar components Ropt0 ;R
opt
1
 
for
membrane or bending loading.
The optimal material is chosen as an orthotropic, uncoupled
laminate made of n identical layers (i.e. with the same thickness
and the same material). The latter condition ensures that polar
components (T0,T1) are ﬁxed and equal to those of the elementary
layer.
Therefore, the optimization parameters of this new local opti-
mization problem are the orientation angle dk,k=1,. . .,n of the ﬁbers
within the kth layer, expressed in the element’s orthotropy axes.
The local optimization problem, in case of membrane or bending
loading, can be formulated as:
Given Ropt0 ;R
opt
1
 
; find fd1; . . . ; dng so that :
R0 ¼ Ropt0
R1 ¼ Ropt1
(6.2. Description of some speciﬁc stacking sequences
In this paper, we present an analytical resolution method for the
problem, i.e. through the use of closed-form relations linking
Table 1
Loading data (center-hole plate example).
Line load Load application area
Fx = 2 N/mm x = 90 mm; 0 < y < 90 mm
Fy = 1 N/mm y = 90 mm; 0 < x < 90 mm
Table 2
Polar components of the elementary layer (Carbon/Epoxy T300/5208).
TEL0 ðGPaÞ TEL1 ðGPaÞ REL0 ðGPaÞ REL1 ðGPaÞ UEL1 ðradÞ
26.88 24.74 19.71 21.43 0
Fig. 2. Schematic representation of the center-hole plate under membrane loading.
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Two speciﬁc types of laminates for which this link is easily written
and workable are considered:
 cross-ply laminates (orthogonal layers)
 angle-ply laminates (balanced alternate layers)
For these laminates, the lamination sequence is described with
only two orientations (even though the actual sequence remains
undetermined):
 {0,90} for cross-ply laminates
 {a,a} for angle-ply laminates, with a 2 [0,45]
Considering speciﬁc stacking sequences assuring uncoupled
behavior (Vannucci and Verchery, 2001a,b), there is only one inde-
pendent optimization parameter remaining:
 relative thickness h (ratio of 0 layers thickness over total thick-
ness) for cross-ply laminates,
 orientation angle a for angle-ply laminates.
6.2.1. Polar parameters of a cross ply laminate
Membrane behavior With no loss of generality, we consider that
the relative thickness h of the plies oriented at 0 is greater than 12.
The polar parameters in membrane, independent of the stacking se-
quence, are
T0 ¼ TEL0 T1 ¼ TEL1
R0 ¼ REL0 R1 ¼ REL1 ð2h 1Þ with h 2 12 ;1
 
K ¼ 0 U1 ¼ 0
ð24Þ
Bending behavior. In bending the closed-form relations linking lam-
ination parameters to the elastic properties of the cross ply depend
on the stacking sequence. In the present work, we will consider a
symmetric cross ply laminate with the inner plies oriented at 0
and the outer plies oriented at p/2. With no loss of generality, we
consider that the relative thickness h of the plies oriented at 0 is
greater than
ﬃﬃ
1
2
3
q
. For this speciﬁc stacking sequence, the polar
parameters in bending are
T0 ¼ TEL0 T1 ¼ TEL1
R0 ¼ REL0 R1 ¼ REL1 ð2h3  1Þ with h 2
ﬃﬃ
1
2
3
q
;1
h i
K ¼ 0 U1 ¼ 0
ð25Þ6.2.2. Polar parameters of an angle ply laminate
Membrane behavior. The polar parameters in membrane, inde-
pendent of the stacking sequence, are
T0 ¼ TEL0 ; T1 ¼ TEL1
ð1ÞKR0 ¼ REL0 cos 4a R1 ¼ REL1 cos 2a with a 2 0; p4
 
U1 ¼ 0
ð26Þ
Bending behavior. In bending, the closed-form relations linking lam-
ination parameters to the elastic properties of the angle-ply depend
in most cases on the stacking sequence. In the present work, we will
consider stacking sequences that assure uncoupling and homogene-
ity, i.e. D⁄ = A⁄ (Vannucci and Verchery, 2001a,b). For this speciﬁc
stacking sequences, the polar parameters in bending are equal to
those in membrane, and are then described by Eq. (26).
6.3. Optimal stacking sequences
As a consequence, the optimization problem is easily solved by
replacing the optimal moduli Ropt0 ;R
opt
1
 
in the aforementioned
closed-form relations (24) and (25) for cross-ply laminates and
(26) for angle-ply laminates. Fig. 1 shows, in the (R0–R1) axis sys-
tem, the laminate design space. Its bounds are the maximal values
of the moduli (i.e. those of the elementary layer) on one hand, and
thermodynamic admissibility conditions on the other hand. They
are represented, respectively by the solid straight lines and the so-
lid curve on each ﬁgure. The orthotropy shape K of the material
inﬂuences the shape of the design space.
Within these different design spaces, the symbols represent the
properties obtained for several values of the polar parameters, be it
for angle-ply or cross-ply laminates. Fig. 1(a) shows the character-
istic points (crosses) of an angle-ply with K = 0 (a 2 [0,22,5]),
Fig. 1(b) those (circle points) of an angle-ply with K = 1
(a 2 [22,5,45]) and ﬁnally Fig. 1(c) those (square points) of a
cross-ply laminate.
Using those graphs or the related equations, it can be shown
that the cross-ply laminates are acceptable optimal solutions
for every case (cases 1–3 introduced in Section 5.2), while an-
gle-ply laminates acceptable optimal solutions only for cases 1
and 2.
In conclusion, an analytical resolution method has been set up,
showing that the cross-ply is an optimal solution either for in-plane
or bending loads and that the angle-ply is an optimal solution either
for in-plane or bending loads in cases 1 and 2.7. Numerical examples
The optimization procedure uses the ﬁnite element code Open-
FEM running in the Matlab environment. Two numerical examples
are presented:
Fig. 3. Optimal polar parameters.
Fig. 4. Distribution of cases in the optimal state.
Fig. 5. Optimal relative thickness distribution for a cross-ply laminate.
A. Jibawy et al. / International Journal of Solids and Structures 48 (2011) 2576–2584 2581 a center-hole plate under biaxial in-plane loading,
 a rectangular plate under eccentric and counteracting bending
loads.
Fig. 6. Representation of local ﬁbre orientations within d1/d2 plies, for an angle-ply laminate.
-
+
Fig. 7. Schematic representation of a rectangular plate under bending loading.
Table 3
Loading data (rectangular plate example).
Load per surface unit Load application area
5 MPa 40 mm < x < 60 mm; 0 < y < 50 mm
+5 MPa 140 mm < x < 160 mm; 50 mm < y < 100 mm
2582 A. Jibawy et al. / International Journal of Solids and Structures 48 (2011) 2576–2584For each of these examples, wewill present the optimal distribu-
tion of polar parameters and the associated lamination sequences.
7.1. Center-hole plate under membrane loads
The structure and the boundary conditions (forces and displace-
ments) considering the symmetries of the problem are shown in
Fig. 2. The dimensions of the plate are 180 mm  180 mm  1 mm.
Two line loads Fx and Fy are applied on the sides (Table 1). The
elementary layer is made of Carbon/Epoxy T300/5208, whose polar
components are given in Table 2.
The initial polar parameters are those of a unidirectional lami-
nate R0 ¼ REL0 ;R1 ¼ REL1
	 

oriented along the x-axis (U1 = 0).
During the local minimization steps, the optimal value of Ropt0 is
chosen equal to REL0 in case 1. The optimal distributions of polar
components are shown in Fig. 3 The case distribution is presented
in Fig. 4. It is noticed that only cases 1 and 2 occur. During the
optimization process, the compliance decreases by 65%, while the
maximal displacement decreases by 80%.
Lamination design. For cross-ply solutions, the local orientations
of the layers are already determined and equal to Uopt1 ;U
opt
1 þ p2
 
.
The true lamination parameter is the relative thickness of plies ori-ented at the angle Uopt1 , and is shown on Fig. 5. As expected from
Section 6.2.1, the variations of h coincide with those of Ropt1 .
A. Jibawy et al. / International Journal of Solids and Structures 48 (2011) 2576–2584 2583For an angle-ply solution, we use as an example the following
lamination sequence:d1=d2=d2=d1=d2=d1=d1=d2½  with d1;2 ¼ Uopt1  a ð27Þ
This sequence is uncoupled, in-plane orthotropic (principal ortho-
tropy direction Uopt1 ) and homogeneous (A
⁄ = D⁄). Therefore it com-
plies with the optimization constraints, and it may be used either
for membrane or bending loading (other stacking sequences,
introduced by Vannucci and Verchery (2001a,b), with the sameFig. 8. Optimal polproperties could be considered). Fig. 6(a) and (b) show the local ﬁ-
bre orientations of the layers corresponding to d1 and d2,
respectively.
As a conclusion, we showed that it is possible to design lami-
nated cross-ply or angle-ply plates, which are optimal solutions
to the problem of the center-hole plate under in-plane loads. In
this example in which only cases 1 and 2 occur, the main advan-
tage of the angle-ply lamination sequence is that it is feasible in
terms of a laminate with a ﬁxed number of plies of equal thickness,
because in ensures ﬁbre continuity within each ply. In the case of aar parameters.
2584 A. Jibawy et al. / International Journal of Solids and Structures 48 (2011) 2576–2584cross-ply, the variation of the relative ply thickness h would imply
a 90 rotation of the ﬁbre angle inside a ply, which is not accept-
able in terms of manufacturing.
7.2. Rectangular plate under bending loading
We consider a plate of dimensions are 200 mm  100 mm 
4 mm, restrained along its smaller sides (x = 0 mm and x =
200 mm). The loaded area is shown in Fig. 7, while the intensity of
the prescribed loads are given in Table 3.
The initial polar parameters are those of a unidirectional lami-
nate R0 ¼ REL0 ;R1 ¼ REL1
	 

oriented along the x-axis (U1 = 0).
During the local minimization steps, the optimal value of Ropt0 is
chosen equal to REL0 in case 1. The optimal distribution of polar
parameters and cases are shown in Fig. 8. During the optimization
process, the compliance decreases by 30%, while the maximal dis-
placement decreases by 42%.
Lamination design. The cross-ply laminate is an optimal solution
in case 1–3. The optimal distribution of relative thickness is pre-
sented in Fig. 8(b). As in the membrane case, it coincides with
the distribution of Ropt1 .
The angle-ply solution (presented in Eq. (27)) is optimal in cases
1 and 2, and is thus not optimal in the whole structure. It is numer-
ically observed that the choice of the value of Ropt0 within the
admissible range in a case 1 situation has a great inﬂuence on
the ﬁnal solution: when Ropt0 is chosen equal to R
min
0 , the case 1 area
in the ﬁnal distribution is the largest, as demonstrated by Jibawy
(2010). This is actually a beneﬁcial situation, since it enlarges the
free lamination sequence domain. For the remaining case 3
domain, a sub-optimal laminate with a ﬁxed number of plies of
equal thickness that ensures ﬁbre continuity in each ply could be
considered.
8. Conclusion and perspectives
Considering an optimization algorithm initially introduced for
topology optimization of structures made of isotropic linear elastic
materials, we show that it can also be applied for orthotropy distri-bution optimization. The problem of elastic energy minimization
for an orthotropic material with respect to the orthotropic polar
invariants and to the orthotropy orientation is analytically solved.
Thanks to the formulation with polar invariants, the optimization
problem is identical in membrane and in bending, and the results
are then valid in bending. It is proved that the cross-ply is always
optimal and that a continuous optimal domain exists for a wide
range of stress. This domain includes angle-ply laminates that
are more feasible than the cross-ply when considering laminates
with constant plies thickness.
The direct extension to this work would be to develop the same
optimization methodology considering simultaneous membrane
and bending energies that arise when considering shells or uncou-
pled plates with simultaneous in plane and bending loads.References
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